Fourth-order finite difference scheme with
boundary value methods for space fractional
diffusion equation

Yong-Liang Zhao!, Ting-Zhu Huang !, Xian-Ming Gu 2, Wei-Hua Luo 3

1School of Mathematical Sciences, UESTC, P.R. China
2 Johann Bernoulli Institute for Math. & Comput. Sci.,
RUG, The Netherlands

3Data Recovery Key Laboratory of Sichuan Province,
Neijiang Normal University, Neijiang, Sichuan, 641100, P.R. China

20th IMACS world congress
11 December, 2016




Outline

@ Introduction

© Space fractional diffusion equation
@ Riemann-Liouville fractional derivative
@ Spatial discretization of space FDEs
e BVMs

© Numerical results

@ Summary




Introduction

Introduction

@ In the last decade or so, the catholicity of anomalous diffusion
phenomena in the real world has led to the fractional diffusion
equation (FDE). FDEs arise in research topics including con-
tinuous time random walk (Wang et al. 11'), porous media
transmission (Benson et al. 01'), entropy (Povstenko et al.
15"), hydrology (Benson et al. 00"), Brownian motion (Benson
et al. 00"), physics (Sokolov et al. 02') and image processing
(Bai et al. 07").
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@ In the last decade or so, the catholicity of anomalous diffusion

phenomena in the real world has led to the fractional diffusion
equation (FDE). FDEs arise in research topics including con-
tinuous time random walk (Wang et al. 11'), porous media
transmission (Benson et al. 01'), entropy (Povstenko et al.
15"), hydrology (Benson et al. 00"), Brownian motion (Benson
et al. 00"), physics (Sokolov et al. 02') and image processing
(Bai et al. 07").

Boundary value methods (BVMs) are constructed as the un-
conditionally stable and are high-accuracy schemes for solving
ordinary difference equations (ODEs). Unlike Runge-Kutta or
other initial value methods (IVMs), BVMs achieve the advan-
tage of both good stability and high-order accuracy.
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Riemann-Liouville fractional derivatives

Suppose u(x) is an integrable function defined on (a, b), (a,b is
finite or 00), @ > 0, (1 < av < 2). Define

o . 1 0% [~ u(n)dn

an U(X) — r(2 o a) 8X2 /a (X o n)a_la (1)
win_ L& b um)dy

<Du(x) = r(z_a)axz/ = x)e T @)

are left and right Riemann-Liouville fractional derivatives with «
order, respectively.
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Space fractional diffusion equation

Improve our former numerical method (Gu et al. 15') by utilizing a
new compact spatial semi-discretization of the following FDE, and
its convergence O(At* + h*).

Qulet) — Ky.Dgu(x, t) + Kox D u(x, t) + f(x, t),
U(X,O) = UO(X)7 X E [a’ b]’

u(a, t) = ¢a(t)7 U(b, t) = ¢b(t)v te [Oa T],
(3)

The diffusion coefficients K1 and K> are nonnegative constants and
they satisfy K2 + K2 # 0. If K1 = 0, then ¢,(t) # 0 and Ky = 0,
then ¢p(t) # 0. Moreover, ug, ¢, and ¢, are given sufficiently
smooth functions. In the following analysis of the numerical method,
we suppose that (3) has an unique and sufficiently smooth solution
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@ Spatial discretization of space FDEs
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Earlier work

For the discretizaiton of Riemann-Liouville fractional derivative, we
can briefly introduce,

o shifted Griinwald formula (Meerschaet and Tadjeran 04', Meer-
schaet and Tadjeran, 06')

e weighted and shifted Griinwald formula (Sun et al. 15', Deng
et al. 15)

e midpoint approximation formula (Li et al. 16")

Hint: In above items, we almost consider the numerical approxima-
tions, who are unconditionally stable.
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Fourth-order spatial discretization of space FDE

According to the above description, we establish a compact spatial
semi-discretization scheme with the help of fourth-order weighted
and shifted Griinwald difference (WSGD) operator, who is uncondi-
tionally stable. We have the following spatial discretized form of (3)

(.121727 7nX):

Pt = K1 Djuj + KorDjfuj + Pify,  j=1,2,...,nc, (4)
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Fourth-order spatial discretization of space FDE

- du; i—1—2ujtu;
where h= b2/ = S p — 14 h2pgs2, §2u; = Yttt

nx+1' 7J dt h
Jj+1 Nx—j+2
1Dyuj = hazwk ui—k+1, RDRuj = Z wk “J+k 1
k=0

the coefficients w(()a) = ,ulgéa),wga) = uogéa) + ,ulgl(a) and wlga) =

118l + 0gl™ + 18l k=2, n +1,

= (1+a)2+a)/12, po=—(—2+a)2+a)/6,
po1=(—2+a)(~1+a)/12, bS=(4+a—a?)/24
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Fourth-order spatial discretization of space FDE

Rewrite Eq.(4) as the following matrix product form:
[Pou(t) +d(t)] = Bau(t) + e1(t) + q(t),

where u(t) = [uy, u2,...,un |7, By = EH(KiWa + Ko W), W,
and P, are, respectively, given

W0 00
wga) wga) w(()a) 0 0
(@) (@)
W, — Wy Wy
: .. . . . 0
A ) g
(@) (@)

« o
B O TP O R O
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Fourth-order spatial discretization of space FDE

1-2by  bS
bg  1-—2b% bS

be 1-2by b
by 1—2b%
d(t) = [b5¢a(t),0,...,0,b30u(t)]T, q(t) := P.f(t) + ea,

[Kiw$™ + Kow{da(t) + Kow!™) 1 65(1)
0
0

[Kiw§™ + KowSon(t) + Kiwl®) (1)
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Fourth-order spatial discretization of space FDE

f(t) =[f,f,...,f]" and ex = [b56,0,...,0,b5f, +1]7. To sum
up, the quasi-compact spatial semi-discretization of FDEs (3) can
be written as following system of ODEs:

Padle(tt) = au(t) Jrg(t)s
u(to) = up, t e [to, T],

(5)

where
uo = [uo(x1), uo(x2), - - - , to(xn,)]"

g(t) = ex(t) — d'(t) +a(t).
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The BVMs

In comparison with the other initial value solvers, BVMs additional
to having high-order accuracy, are unconditionally stable methods.
A fourth-order BVM approximation of (5) can be obtained by k = 3
and v = 2. Thus, (5) can be write as

(ARP,—AtBRB,)u = At(B®1,, )g+At(bo®(Bauo+8gp))—ao®Pauo,
where I, is a ny X ny identity matrix and
u=[ui(t1), v2(t1), ..., un(t1), ur(t2), v2(t2), . . ., un(t2),
o ur(tm), uo(tm), - ooyt (E)] T

g =[g1(t1), &(t1), - - -, 8p(t1), 81(t2), &2(t2), - - -, &n, (L),

e agl(tm)agZ(tm)a s vgnx(tm)]Tv

go = [&1(t0), &2(t0). - - -, &n, (t0)] "
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The BVMs

[9/24 9/24 —1/24
—9/12 9/12  1/12
~1/12 -9/12 9/12 1/12

~1/12 —9/12 9/12 1/12
1/24  —9/24 —9/24 17/24

[3/4 0
1/2 12

1/2 1/2
I 3/4 1/4]
ap = [-17/21,-1/12,0,---,0]", and bg = [1/4,0,--- ,0]".
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Example 1. Consider Eq.(3) with two specified positive coefficients
Ki, K2, (a,b) x (0, T] = (0,1) x (0, 1] and the source term

flx,£) = = 10% 7 [x5(1 = x)° + r(g(f)a) (x4 a1 = x)°)
- r(57r(7 L) (leﬁ_a +he(l- X)G_a) - thr(So)z) (K1X7_a
+ K1 — X)) — rtgr—(gi) (Kax®=2 + a1 = x)°)

+ Kx(1 — x)lo*a)]
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Table: The average (error) obtained for Example 1 with h = At, K; = 0.2

and K, =0.8.
a =12 a=15 a=18 a=1.9

ny +1 Error C-order Error C-order Error C-order Error C-order

8 5.8254e-03 ) 4.1872e-03 e 2.5910e-03 - 1.8399e-03 -
16 2.3352e-04 4.6407 2.3384e-04 4.1624 1.8605e-04 3.7998 1.4671e-04 3.6486
32 1.1798e-05 4.3070 1.3656e-05 4.0979 1.1224e-05 4.0510 8.8649e-06 4.0487
64 6.6915e-07 4.1400 7.9940e-07 4.0945 6.6564e-07 4.0757 5.2678e-07 4.0728
4.8269e-08 4.0497 4.0636e-08 4.0339 3.2894e-08 4.0013

128 3.9902¢-08 4.0678

Table: The average (error) obtained for Problem 1 with h = At, K; = 0.6

and K, = 0.4.
a =12 a =14 a=1.6 a=1.38
ny + 1 Error C-order Error C-order Error C-order Error C-order

8 2.9697e-03 - 2.7394e-03 - 2.7920e-03 - 2.2070e-03
16 1.7352e-04 4.0971 1.7828e-04 3.9416 1.8872e-04 3.8870 1.7235e-04
32 1.0851e-05 3.9992 1.1780e-05 3.9197 1.2196e-05 3.9517 1.0612e-05
64 6.8416e-07 3.9873 7.3818e-07 3.9962 7.5726e-07 4.0094 6.4865e-07

3.9831 4.0729e-08

128 4.4417e-08 3.9452 4.7288e-08 3.9644 4.7887e-08
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Figure: The behavior solution from the proposed methods at t = 1 witl§
h=At=1/64, a =1.2,K; =0.2 and K, =0.8.
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Figure: The behavior solution from the proposed methods
h=At=1/64, a =1.8,K; =0.6 and K, = 0.4.
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Example 2. Consider Eq.(3) with two specified positive coefficients
Ki, K2, (a,b) x (0, T] = (0,1) x (0,1] and the source term

f(x, t) = cos(t + 1)x*(2 — x)* — sin(t + 1)[r(g(9)a) (K1x8—a

8r(s)
r8—a)

(leﬁf" + Ka(2 — X)6*a) -

+ Kx(2 — X)87”‘) -

241 (7)
M7 —a)

+ Ka(2 — x)5—") +

(K1X77a + Ko (2 — x)770‘>

32r(6)
reé—a)

(K1x4_a + Kx(2 — x)4_°‘)}.

(K1X57a

161 (5)
rG-—a)

In addition, the exact solution is u(x,t) = sin(t + 1)x*(2 — x)*.
Also, we have u(x,0) = sin(1)x*(2 — x)* and u(0,t) = u(2,t) = 0. m

e
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Table: The average (error) obtained for Problem 2 with h = At, Ky = 0.3

and K, = 0.7.
a =12 a=15 a=18 a=1.9

ny +1 Error C-order Error C-order Error C-order Error C-order

8 7.5634e-03 ) 7.6367e-03 e 8.0242e-03 - 7.8281e-03 -
16 5.5244e-04 3.7751 5.7566e-04 3.7297 6.0536e-04 3.7285 5.7222e-04 3.7740
32 3.6423e-05 3.9229 4.0845e-05 3.8170 4.1833e-05 3.8551 3.8380e-05 3.8981
64 2.5410e-06 3.8414 2.6233e-06 3.9607 2.6845e-06 3.9619 2.4484e-06 3.9705
1.6294e-07 4.0090 1.6821e-07 3.9963 1.5374e-07 3.9932

128 1.7600e-07 3.8517

Table: The average (error) obtained for Problem 2 with h = At, K; = 0.6

and K, = 0.4.
a =12 a =14 a=1.6 a=1.38
ny + 1 Error C-order Error C-order Error C-order Error C-order
8 5.2818e-03 - 5.9446e-03 - 6.9026e-03 - 7.5938e-03 -
16 3.6813e-04 3.8427 4.4073e-04 3.7536 5.3561e-04 3.6878 5.7954e-04
32 2.4648e-05 3.9007 3.1593e-05 3.8022 3.7389e-05 3.8405 3.9293e-05
64 1.9070e-06 3.6921 2.0207e-06 3.9667 2.3879e-06 3.9688 2.5031e-06

128 1.3462e-07 3.8243 1.2490e-07 4.0160 1.4801e-07 4.0120 1.5598e-07
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Figure: The behavior solution from the proposed methods at t = 1 witl§
h=At=1/64, a =15,K; =03 and K, =0.7.
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Figure: The behavior solution from the proposed methods at t = 1 witl§
h=At=1/64, a =1.8,K; =0.6 and K, = 0.4.
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Example 3. Consider one-side fractional diffusion equations (3)

Oubct) — Ky ,D2u(x, t) + F(x,t), (x,t) € (0,2) x (0,1],
u(x,0) = x4tle=151/2, x € [0,2],

u(0,t) =0, u(2,t)=¢(t), t €[0,1],

with the diffusion coefficient K = 1, ¢(t) = e~ t(2*+1*=151/2) and
the source term

) . [5+a—15/2) 4o
— _ ot AH]a—15]/2 4—o+|o—1.5|/2
1) =~ (x T6—atla—15/2)" )

The exact solution is u(x, t) = e tx*tla=151/2,
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Table: The average (error) obtained for Problem 3 with h = At and t = 1.

a =12 a =14 a=1.6 a =1.8
ny + 1 Error C-order Error C-order Error C-order Error C-order
8 3.5363e-05 - 2.3994e-04 - 2.5929e-04 - 1.8967e-04 -
16 2.2357e-06 3.9835 1.7066e-05 3.8135 1.7475e-05 3.8912 1.3251e-05 3.8393
32 1.4568e-07 3.9398 1.1364e-06 3.9086 1.1168e-06 3.9678 8.7745e-07 3.9167

3.8544 7.3160e-08 3.9573 6.9642e-08 4.0033 5.7097e-08 3.9418

64 1.0072e-08
3.9853 4.2878e-09 4.0216 3.6738e-09 3.9581

128 6.9664e-10 3.8538 4.6194e-09

Table: The average (error) obtained for Problem 3 with h = At and t = 1.

a=1.3 a=1.5 a=1.7 a=1.9
ny + 1 Error C-order Error C-order Error C-order Error C-order
8 1.5050e-04 - 2.7910e-04 - 2.2771e-04 - 1.4845e-04 -
16 1.1206e-05 3.7475 1.9551e-05 3.8355 1.4770e-05 3.9464 1.0307e-05 3.8483
32 7.6408e-07 3.8744 1.2985e-06 3.9123 9.7555e-07 3.9203 6.9435e-07 3.8918
64 4.9762e-08 3.9406 8.4091e-08 3.9488 6.2883e-08 3.9555 4.5737e-08 9

128 3.1542e-09 3.9797 5.3737e-09 3.9680 4.0269e-09 3.9649 2.9753e-09
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T T T T
—&— Exact solution
—— Numerical solution
P
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Figure: The behavior solution from the proposed methods at t = 1 witl§
h=At=1/32, a=1.4.
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0.2

Figure: The behavior solution from the proposed methods at t = 1 witl§
h=At=1/32, a=1.9.
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Conclusions:
@ The WSGD to discretize the Riemann-Liouville fractional dif-
ferential operator, which is fourth order accurate in space;
@ Unconditionally stable BVMs are used, which is also fourth
order accurate in time;
@ To solve such linear system, some efficient iterative solution
techniques have been obtained;

@ The proposed high order numerical methods can also be extend-
ed to efficiently solve the space-fractional telegraph equation
and the space tempered fractional diffusion equation.
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Thank you for attention!
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